arXiv: 1502.0795Ivl [math.AG] 27 Feb 2015 


COHOMOLOGY OF FINITE GRADED GROUP VARIETIES 


CAMIL I. APONTE ROMAn AND ALBERTO CHIECCHIO 

In memory of M. Scott Osborne, 
who kindled our love for algebra and 
coined the expression Noether correspondence for groups 


Contents 

1. Introduction 
Acknowledgments 

2. Preliminaries 

2.1. Graded group schemes and graded group varieties 

2.2. Short exact sequence of Hopf algebras and cohomology 

3. Conormal elementary quotients 

3.1. Wilkerson’s construction 

3.2. Groups of unitriangular type 

4. Cohomology of finite graded group varieties 
References 


1 

2 

2 

2 

4 

6 

i 

_8 

n 

13 


Abstract. We prove that, if A is a positively graded, graded commutative, 
local, finite Hopf algebra, its cohomology is finitely generated, thus unifying 
classical results of Wilkerson and Hopkins-Smith, and of Friedlander-Suslin. 
We do this by showing the existence of conormal elementary quotients. 


1. Introduction 


The cohomology of a Hopf algebra A, denoted by k) = Ext*’* (A, k), has 

a ring structure which has been extensively studied. One natural question is if such 
ring is finitely generated. Another natural question is, if M is a Noetherian module 
over a ring of A-invariants S, is t he module H*’* {A, M) Noetheria n over the ring 
H*'* {A, S). Wilkerson in Wil81 |. and later Hopkins and Smith in HS98 |. answer 
both questions affirmatively when A is finite, positively graded, graded commutative 
an d conn ected, i.e., when Aq = k. Friedlander and Suslin study the ungraded case 
in FSQTj l , and show again that the first question and a slight variation of the second 


question have positive answer when A = Aq is finite and local . 

The main result of our paper is an unification of the two classical results of 
Wilkerson and Friedlander-Suslin. 


Theorem 1.1 iTheorem 14.2|) . Let A be positively graded, graded eommutative, 
loeal, finite Hopf algebra over a field k. We have the following: 

(H) the cohomology ring H*'*{A,\L) is a finitely generated h-algebra; 

(Q) if A ^ B is a guotient of graded commutative Hopf algebras, H*'*{B,\i) is 
a finite H*'* [A, V)-module; 
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(M) if R is a Noetherian ring on which A acts trivially and M is a finite R- 
module, is a finite H*’*{A, R)-module. 

When A = Aq this is the result of Friedlander-Suslin, and when Aq = k this is 
the result of Wilkerson and Hopkins-Smith. 

To prove this result we proceed by induction on diruk A. One mayor technical 
obstacle is the following. The proof of the result of Wilkerson (and of Hopkins- 
Smith) is by induction and relies on the existence of cocentral elementary quotients 
(see section 2.1 for the definitions). This heavily depends on the fact that the Hopf 
algebras considered are connected, and it is no longer true in our setting, as example 
13.31 shows. We show that, when Aq is local, we can however construct conormal 
elementary quotients. 

Proposition 1.2 (Proposition [3T6|) . Let A he a finite, positively graded, graded 
commutative, local, Hopf algebra. Then A has a conormal elementary quotient. 

This result is what allow us to do induction (since these quotients are conormal 
and not cocentral, the induction is necessarily more involved). 

We point out that, since an (affine) infinitesimal group scheme is represented by 
a finite, local, commutative Hopf algebra A, if we consider this Hopf algebra A as 
trivially graded, the above proposition has the following immediate corollary. 

Corollary 1.3. Let G he an (affine) infinitesimal group scheme. Then G has a 
closed normal elementary subgroup scheme. 

Acknowledgments. We would like to thank John H. Palmieri and Julia Pevtsova 
for the numerous useful discussions. 


2. Preliminaries 

Throughout the paper, we will hx a perfect field k of characteristic p > 0 (the 
main theorem is trivial if chark = 0). 

We will briefly recall some of the definitions and results that we will use in our 
paper. 


2.1. Graded group schemes and graded group varieties. We start with some 
definitio ns and result s of the first author in AR14bj . The interested reader should 
look at AR14bl| and AR14a | for a more exhaustive treatise. 

Definition 2.1 ( AR14bl . Definition 2.1]). Let SIR be the category of (finitely gen¬ 
erated) graded commutative \<i-algebras. A representable functor G : SIR ^ (groups) 
is called an affine graded group scheme, or gr-group schemes for short. The graded 
algebra representing G is denoted by k[G] and is called the coordinate algebra of 
G. 


We will drop the word affine from now on, as all our gr-schemes will be assumed 
to be affine. 

Recall that a graded algebra is graded commutative if, for a, b homogeneous 
elements in A, we have that ab = (—where |a| is the degree of a. As in the 
ungraded case, by Yoneda’s Lemma there is an equivalence of categories between 
gr-group schemes and graded commutative Hopf algebras. 
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Definition 2.2 ( AR14bl . Definition 2.5]). We say that a gr-group scheme G is a 
finite gr-group scheme if k[G'] is finite dimensional. In that case we can define kG 
as the graded dual o/k[G]; kG is a called the group algebra for G. 


Definition 2.3 ( |AR 14b| . Definition 2.6]). We say that a gr-group scheme G is a 
positive gr-group scheme z/k[G] is positively graded; that is k[G] = 


Definition 2.4 ( AR14bl Definition 3.1]). Let G be a gr-group scheme, and let 
A = k[G]. If Aq is a local ring and A is positively graded, of finite type (that is, 
each Ai is finite dimensional) we say that G is a graded group variety (gr-group 
variety). 


Remark 2.5. Equivalently, in the above definition we can ask for A to be positively 
graded, of finite type and graded local (i.e., it has a unique homogeneous maximal 
ideal). Indeed, if A is positively graded, A+ is a ideal, and therefore A is graded 
local if and only if Ag is local. 


To describe the Hopf algebra structure of coordinate rings of gr-group varieties it 
is enough to provide the comultiplication and the counit, by the following theorem. 


Theorem 2.6 ( AR14bl . Theorem 3.3]). Let A he a positively graded, graded local 
bialgebra of finite type, there exists an antipode map S making A into a graded Hopf 
algebra, that is, A is the coordinate ring of a gr-group variety. 


Recall that, a graded k-algebra A is algebraically connected (or simply co nnected ) 
if Aq = k. To relate the general case to the algebraically connected case, in |AR14bl] , 
the first author constructed the algebraic connectivization of a graded Hopf algebra. 


Definition 2.7 ( AR14bl . Definition 3.5]). Let A be a graded Hopf algebra. Let 
k{A) := k. We call k{A) the algebraic connectivization of A. 


Theorem 2.8 l |AR14b| . Theorem 3.6]). Let A he a positively graded Hopf algebra. 
The algebraic connectivization of A, k{A), is an algebraically connected graded Hopf 
algebra. 


Moreover, the first author shows that we can recover the algebra structure of the 
coordinate ring A of gr-group varieties for Aq and k{A). 


Theorem 2.9 ( AR14bl . Theorem 3.11]). Let A be the coordinate ring of a gr-group 
variety. Then A = Aq (x)^ k{A) as graded algebras. 


Finally, we will use the following notations. 

Definition 2.10 ( AR14bl . Definition 2.3]). We denote k[a;i,..., a;„]®’' to be the 
graded polynomial ring over k in n-variable, where XiXj = Note 

that if char (k) ^ 2, then x^ = 0 if \xi\ is odd. 


Definition 2.11. An element x in a Hopf algebra is called primitive if A{x) = 
x(8)l-l-l(x)a;. A Hopf algebra E is elementary if E = k[a;]®'’/(a;^), A(x) = x(x)H-l(g)a;, 
e(x) = 0. A gr-group scheme represented by an elementary Hopf algebra is called 
elementary. 


Remark 2.12. In the previous definition, we do not exclude the case when |a;| is 
odd and chark 2. In that case, E = k[a;]®’' = k[a;]/(x^) = k[a;]®^/(a;P), since 
= 0 . 
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Remark 2.13. This is a slightly more restrictive notion of elementary than what 
is used in the literature. In general, elementary Hop algebras are of the form 
k[a:]®’’/(a;^ ) for e ^ 1. For simplicity, we will only allow e = 1. The advantage is 
that, with our notion, if E is elementary, so is its dual E*. 


Definition 2.14. If A is a positively graded Hopf algebra, and a s A, we use the 
notation A(a) := A(a) — a® 1 — 1 (g)a. We will call A the reduced comultiplication 
(or non primitive comultiplication). 


The reason for this notation is the following. If A is graded local, t he counit 
diagram implies that A (a) =a®l + l®a + ... (see the proof of ARldhl Theorem 
3.3]). Thus A(a) is the non-primitive part of the comultiplication. If fact, a G A is 
primitive if and only if A (a) = 0. 

We will now briefly recall the notion of Frobenius kernel (see AR14aL Section 3] 
for the discussion in the graded case). 


Definition 2.15. If G is a gr-group scheme, the Frobenius morphism F'' : G ^ G 
is a gr-group scheme homomorphism (i.e., if it is a Hopf algebra morphism k[G'] —> 
k[G]). Its kernel is a gr-group scheme, called the rth Frobenius kernel, and is 
denoted by G(^r) ■ 


Remark 2.16. If / = (/i,..., /„) is a finitely generated ideal in a ring, the ideal 
is the ideal = (/f ,..., fff), |ST12L Definition 2.11]. It is not hard to see 
that the ideal /Ip ^ is independent of the choice of generators for I, ST12I . Exercise 
2.12]. Let G be a gr-group scheme represented by k[G] and let Iq be its the 
augmentation ideal; then G(r) is represented by k[G(r)] = k[G]//Q \ Therefore, 
for any gr-group scheme G, the Frobenius kernel is a finite gr-group variety. 


2.2. Short exact sequ ence o f Hopf algebras and cohomology. Recall the 
following definitions (see PalOlL §1.4] for more details). 


Definition 2.17. Let 

k^R^A-^G^k 

be a short exact sequence of graded Hopf algebras. We say that B is a normal 
sub-Hopf algebra of A and that G is a conormal quotient of A. 


Definition 2.18. //k[G] and k[iL] are coordinate rings of the graded group schemes 
G and H, respectively, we say that H is a closed graded subgroup scheme of G if 
there is a surjection of graded Hopf algebras k[G] —► k[iL]. If furthermore k[iL] is 
a conormal quotient, we say that H is normal in G. In this case, there is a short 
exact sequence of graded Hopf algebras k —> R ^ k[G] —> k[R] ^ k- the gr-group 
scheme represented by B will be denoted by G/H, i.e., B = k[G/R^]. 


Lemma 2.19. If G and H are graded group schemes, H is a closed graded subgroup 
scheme of G if and only if, for every graded commutative \i-algebra R, H(R) is a 
subgroup of G{R). Moreover, in this case, H is normal if and only if H{R) is a 
normal subgroup of G{R) for every R. 


Proof. The first assertion is immediate form Yoneda’s lemma. The second assertion 
is a consequence of Yoneda’s lemma as well, once one notices that k[G/R^] represents 
the graded group scheme G{R)/H{R). □ 


In AR14bl ]. the first author proved the following lemma. 
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Lemma 2.20 f |AR14b| . Lemma 3.7]). Let A be a positively graded Hopf algebra. 
There is a short exact sequence of graded Hopf algebras 

k. ^ Aq A k{A) k 

The proof is based on the observation that Aq can be obtained as the cotensor 
product Let us recall that, if / : A ^ i? is a map of Hopf algebras, the 

cotensor product is defined to be 


ADsk = {a G A I (id® /)(A(a)) — a (g) 1 = 0}, 
and similarly for kDsH. 


Theorem 2.21 l |Pal0lL Theorem 1.4.10]). Let G be a gr-group variety with A = 
k[G'], and let 

k ^ B ^ A^ C k 


be a short exact sequence of graded Hopf algebras. For any graded A-comodules 
Ml, M 2 , Ms there is a spectral sequence with 

= ExtPp'fMi ■ Ext?;* iM-,. MA) => Exty^’"(Mi ® M 2 . MA. 


The above is called the Lyndon-Hochschild-Serre spectral sequence, or LHS spec¬ 
tral sequence, for short. 

If G is a gr-group scheme with coordinate ring A, we defi ne the cohomol- 
ogy H*’*{A,'k) := Ext ^fk. kb This is a bi-graded ring, see [AR14al . Appen¬ 
dix A]. Moreover, for any k vector space M, we consider the i7*’*(A,k)-module 
H*^*(A.M) := Ext i(k,M). 

For completion we state the results from |FS97 | and Wil81 | that we will unify. 

Theorem 2.22 ( FS97I . Theorems 1.1 and 1.5]). Let G be an infinitesimal group 
scheme over k. The cohomology H*(G,k) is finitely generated. Moreover, if M is 
a finite k-vector space, H*{G, M) is a finite H*(G, k)-module. 

Theorem 2.23 ( WilSlI . Theorem A], |HS98I . Theorem 4.13]). If A is a finite di¬ 
mensional graded connected commutative Hopf algebra, then H*’*(A, k) is a finitely 
generated k-algebra. If S is a graded Noetherian ring of A invariants, and M is a 
finite S-module, H*’* (A, M) is a finite H*'* {A, S)-module. If A ^ B is a quotient 
of graded connected Hopf algebras, H*’*{B,k) is a finite H*’*(A, k)-module. 

Finally, by direct computation, Liu62l| or [Wil81 |. it is well known that Theorem 
l4.2l holds when E is elementary. Moreover, let us recall that the cohomology in that 
case is, up to nilpotents, a polynomial ring in one variable. 

Lemma 2.24 ( Wil8ll . Proposition 2.2] and AR14a . Proposition 6.10]). If E = 
k[x]®’’/(a;^) the cohomology H*’*{E,k) is 


H*’*{E,k) ^ . 


\y\ = (1, kl), 

k[2/,A]9’', \y\ = (2,p|a:|), |A| = (1, 

\y\ = (1, kl). 


chark = 2, 

|a:|), chark > 2, |a:| euen, 
chark > 2, |a;| odd. 


Remark 2.25. Thus, if chark = 2 or if chark > 2 and |a;| is odd, H*’* {E,k) = 
k[ 2 /]; and if chark > 2 and |x| is even, H*'*{E,k) = k[y, A]/(A^). 
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3. Conormal elementary quotients 


3.1. Wilkerson’s construction. The proof of the finite generation of the c oho- 
mology ring for finite positively graded connected Hopf algebras, see [Wil8l| and 


HS98j , relies on the existence of elementary cocentral quotients in positive degree. 


This is however no longer true in our setting, as example 13.31 shows. In this section 
we recall Wilkerson’s construction, and we discuss where the obstacle lay in our 
setting. We will construct conormal quotients in section 3.2. 

Let A be a finite positively graded Hopf algebras, and let A* be its dual. If A* is 
connected, there are primitive elements. Let y G A* be any primitive of the highest 
de gree (a mong primitives). The following properties are easy to check (see Wil81 | 


or 


Liu62l |L 


Lemma 3.1. Let A* be a graded Hopf algebra (not necessarily connected) and let 
X G A* be primitive. Then is primitive and, for every a G A*, [a, y] is primitive. 


Back to the connected case, by maximality of the degree of y, y^ = 0 and 
[a, y] = 0 for every a G (A*)+ Since (vl*)o = k, then k[y]s’’/(yP) is a central 
elementary sub-Hopf algebra of A*, which corresponds to a cocentral elementary 
quotient A E. 


If we follow the same approach of [Wil8l| in our setting, the first obstacle is that, 
since our algebras are not connected, it is not clear that there will be primitive 
elements in the dual. Luckily, these elements exists. 


Lemma 3.2. Let A be a positively graded Hopf algebra. Then A* has primitive 
elements in positive degree. 

Proof. Since k{A) is a quotient of A, we have an inclusion k{A)* c A*, and k{A)* 
is connected (since so is k{A)). Since there are primitive elements in k(H)*, there 
are primitive elements in positive degree in A*. □ 


Let us choose then y of maximal degree among the primitive elements in A*; 
since in general (^*)o A k, the element y will not be central, as the next example 
shows. 


Example 3.3. In this example we give the coordinate ring of a finite gr-group 
variety with no cocentral elementary quotients. Let A = k[m, x]®’'/(m^, x^), where 
chark = p, \m\ = 0 and |a;| = 2, A(m) = m®ra, A(a;) = x®ra, e(m) = e{x) = 0. 
The quotient A k[a;]®''/(a;^’) is conormal, since k[a;]®’’/(a;*’) = k{A), but not 
cocentral. It is not hard to see that this is the only possible candidate for an 
elementary quotient, and thus that A has no cocentral elementary quotients. 

In the above example, the quotient was conormal, so one somewhat naively hopes 
that this procedure will produce conormal quotients. The problem is that we could 
have several candidates for y and, as examples 13.41 and 13.51 show, not all choices 
would work. In 13.41 one of the elements of top degree of a given basis will not give 
a conormal quotient, while the other one will. In 13.51 none of the elements of the 
basis given in the representation will give a conormal quotient, but a specific linear 
combination will. 


Example 3.4. In this example we show the coordinate ring of a finite gr-group va¬ 
riety where some of the quotients in the highest degree (which guarantees that they 
are elementary) are conormal and some are not. Let A = k[rn, x, y]®’'/(m^, x^, y^), 
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chark = p, \m\ = 0, \x\ = |y| = 2, A(m) = m ® m, A(x) = A(p) = x 0 m, 
e(m) = e(a;) = e(y) = 0. Notice that A —> k[a;]®''/(a;^) is not conormal, but 
A k.[yy^/{yP) is. 

Example 3.5. This example is a variation of the previous one; it is given in 
characteristic 2, but it is easily adaptable to any characteristic. 

Let A = F 2 [m,x,y,^s^/{m'^,x^,y'^,z'^), \m\ = 0, |a:| = \y\ = jz] = 2, A(to) = 
m0m, A{x) = A{y) = A{z) = X0m+y0m+z0m, e{m) = e{x) = e{y) = e{z) = 0. 
None of the quotients A F 2 [a;]®''/(a;^), A F 2 [y]®'’/(p^), oi A ^ F 2 [ 2 :]®’’/(z^) 
are conormal. However, H ^ F 2 [a; + y]P^/((x + y)^) is. 

For completion, we comment on another possible approach, which fails in the 
general case, but might work in some specihc case. This approach is based on the 
observation that an evenly graded Hopf algebra is a Hopf algebra, and thus one 
might hope to only have to work with conormal quotient in odd degree and reduce 
to the evenly graded case. This might seem a particularly interesting approach 
since the comultiplication of the elements of odd degree is simpler (the square of 
these elements is zero). Unfortunately, the even degree part might not be a sub- 
Hopf algebra. For example, in 13.61 the only (conormal) quotient is in even degree, 
while in odd degree there is no quotient. As mentioned, this happens because the 
even part is not a sub-Hopf algebra. 

Example 3.6. This is an example where the even part in not a sub-Hopf algebra. 
Let A = ]<i[x,y]P'^/{xP), chark = p > 2, \x\ = 2, \y\ = 1, A{y) = 0, A{x) = y0y, 
e{x) = e{y) = 0. The even part of A is k[a:]®’'/(a;P), which is not a sub-Hopf 
algebra, and, for the same reason, the algebra quotient A k[y]®’' is not a Hopf 
algebra quotient. However, there is conormal quotient (cocentral, in fact): A 
\i[xY/{xP). 

Question 3.7. If A is the coordinate ring of finite gr-group variety, does A have 
an elementary conormal quotient in positive degree? 

Notice that such quotient would necessarily be a quotient of n{A) as well. A 
positive answer to the above question would provide an alternative proof of the 
finite generation of the cohomology, using the diagram below: 

k k k 


k-^ Aq -^ Aq -s- k-s- k 


k-^ Je -^ A -^ E -^ k 


k-^ k(Je) - ^ k(A) -^ E -^ k 


k k k. 

It is our belief that a suitable variation of Wilkerson’s construction should provide 
such quotients. In the next section, we will provide an alternative construction. 
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which, however, does not guarantee that the quotients are in positive degree (i.e., 
they might be in degree 0). 

3.2. Groups of unitriangular type. We have the following characterization of 
conormal quotients of Hopf algebras. 


Lemma 3.8. Let A he the dual of the coordinate ring of a finite gr-group variety 
over k, let B ^ A be a graded Hopf sub-algebra and let Ib be its augmentation 
ideal. Let A* and B* be the duals of A and B, respectively, and let A* —» B* be 
the natural surjection dual of the inclusion B A. The following are equivalent: 

(a) Lb • A = A ■ Ib ; 

(b) Ib • A is a graded Hopf ideal of A; 

(c) A - Ib is a graded Hopf ideal of A; 

(d) Ib • A is a (graded) Lie ideal of A; 

(e) A - Ib is a (graded) Lie ideal of A; 

(f) there is an exact sequence of graded Hopf algebras 

(3.1) 

(g) there is an exact sequence of graded Hopf algebras 

(3.2) k^JB*^A*^B*^ k; 

(h) k = k Ds* A*. 


Proof. Notice that condition (a) is equivalent to Ib- A being a bi-ideal, see MM65j . 

(a) ^ (6) Since Ib ■ A = A ■ Ib, C = AjijB ■ A) is a cocommutive bialgebra, 
which is finite dimensional by the assumption on the dimensions. The dual C* is a 
positively graded, commutative bialgebra. Notice that C* c A*. In part icular, C* 

,xjz(xf ,...,xr), |Wat79l . Theorem 
A /11 


is of finite type and ^ = k[xi 


14.4]. T herefore Cn is a local ring. By |AR14bl . Proposition A.4], C* is gr-local. 
Thus, by |AR14bl . Theorem 3.3], C* is a Hopf algebra. Since C is finite dimensional, 
C = {C*Y is also a Hopf algebra. 

(а) ^ (c) The proof is as above. 

(б) , (c) ^ (a) Clear. 

(a) ^ (d) Let a e A and z e Ib ■ A = A ■ Ib- Let z = Y^hiXi = Y^yjCj, with 
bi,Cj G A, Xi,yj G Ib', then 


[a,z] = az- (-l)l“ll^lza = a^btXi - (-l)'“''"''(y 2/jCj)fo = 

= y oMi - (-l)l“ll^iy 


Notice that YjObiXi s A ■ Ib = Ib ■ A, while clearly '^yjCjb e Ib ■ A. Thus 
[a, z]e Ib ■ A. 

(a) (e) As above. 

(d) (a) Let a G A and x G Ib. Since 1 G A, x 
[a, x] = ax — (—l)l“ll“!xa e Ib ■ A. Therefore ax = (—1)'“ 

(e) ^ (a) As above. 

(b) ^ (/) Set Cb = A/(Ib ■ A). 

(/) ^ (a) It is enough to observe that Ib ■ A = ker(A 

(/) (y) This is just d uality. 

(g) (h) This is as in MM6 It| since the surjection A* ^ B* is split as map of 

k-vector spaces. We point out that, in this case, Jb* = A^f Ds^k. 

□ 


= X • 1 G Ib ■ A-, then 
!xa — [a, x] e Ib ■ A. 

Cb)=A-Ib. 
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Lemma 3.9 (Noether correspondence for graded group schemes). Let G and H be 
graded group schemes, with H a normal closed graded subgroup scheme of G. There 
is a natural bijection 

( closed graded subgroup) ( closed graded subgroup ) 

I schemes of G/H j 1 schemes of G containing H j 

which preserves normality. 

Proof. This is immediate from the functorial description, lemma 12.191 □ 


Remark 3.10. The previous lemma can be proven working directly with Hopf 
algebras. By hypothesis, there is a short exact sequence of graded Hopf algebras 

k ^ k[G/R] ^ k[G] ^ k[H] k. 

Notice that K is a closed graded subgroup scheme of G containing H if and only 
if the surjection k[G] ^ k[R] factors as k[G] ^ k[/tr] ^ k;[il]. In that case, the 
group K/H is represented by the preimage of k[itr] in k[G/R]. Conversely, if iti is a 
subgroup of k[G/R], the corresponding subgroup of G containing H is represented 
by k[G] ®k[G/H] KK]- 

Definition 3.11. Let I = be a collection of non-negative integers, 

with Lj ^ Ij+i- The graded unitriangular scheme UT/ is the gr-group scheme 
with coordinate algebra \xij\ = Ij — h, £{xij) = 0 and ^{xij) = 

'lli<k<j ® ■ 

As usual, if Lj — li is odd and chark ¥= 2, then xT = 0. 

Remark 3.12. When I = (0,..., 0), this is the usual unitriangular group scheme, 
i.e., the scheme of upper triangular matrices with Is on the main diagonal. 


Remark 3.13. The gr-group scheme UT/ is na turally a gr-subgroup scheme of the 
graded general linear group GL/, as defined in AR14aL Definition 5.1]. Moreover, 
it is positively graded. 


Lemma 3.14. For every I and r 1, the gr-group variety (UT/)(^) has a chain 
of closed graded subgroup varieties 

(UT/)(,) =Us+i>Us> ...>Ui>Uq = {1}, 

such that each Ui is normal in (UT/)(r) and, for each 0 ^ i ^ s, U+i/U is an 
elementary gr-group scheme. 


Proof. We will construct this sequence inductively: by the Noether correspondence, 
Lemma lT9l it is enough to show that for each 0 ^ ^ s, (UT/)(^)/f/i has a normal 

elementary graded subgroup scheme. 

Let us assume that we have constructed the first i subgroups and that the coor¬ 
dinate ring of U* = (UT/)(r)/t7i is of the form 
(3.3) 


k[t/*] 


\^[XiGX-. 


Mi,: 


J’’ 'I 
I ■^mU 


, ^ = {{i,j) \1 ^ i < j < 1} kj {(i, l)\m < i < 1}, e < r. 


As usual, we are being redundant in the notation, since some of the variables 
might satisfy xT = 0. This is essentially the graded unitriangular matrices, minus 
some variables which might have already disappeared, starting from the top right 
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corner and proceeding top to bottom, right to left. In down to earth terms, the 
pair (m, 1) corresponds to the first existing row in the last existing column. The 
comultiplication is of the form 

(3.4) A(a:y) = ^ x^k®xkj, XI 

i<k<j m<k<l 

Notice that this is certainly the case when * = 0, as C/° = (UT/)(^). 

Let 

a : k[W] - k[E] = - t, X,, ^ 0, 

where |t| = p^{Ii - Im) = \x^i\, A(t) = 0, e{t) = 0. Again, if \xmi\ is odd, then 
e = 0 and the map is to k[i?] = = k[t]®''/(t^). Since the element Xmi does 

not appear in the comultiplication of any other Xij in k[C/®], the above map is a 
quotient of Hopf algebras. By Lemma [3781 E is conormal in [/* if and only 

k[c/*]nk[^5]k = knk[s]k[c/*]. 

We notice that, again since Xmi does not appear in the comultiplication of any other 
Xij, we have Xij e k[C/*] □k[_E]k: indeed 


{id®a){A{xij)) = {id®a){xij®l + l®Xij + '^Xik®Xkj) = Xij^l = {id^l){xij). 
Similarly 

{id0a){A{xPj^ ))=xlJ^ ®l = {id®l){xlJ ). 

e + 1 

Thus k[C/*] □k[£;]k contains the subalgebra generated by Xij and x^i . Since 

19'r 
Mi,. 


dimkk[C/*] □[,[£]k = 
we must have 


dimkk[17*] dimkk[17®] 

— Qinik 


dimk k[i?] 
k[W] □k[E]k = 


Similarly 


knk[i5]k[c/*] = 


p 




Of course, if e + 1 = r, the variable Xmi will not be in the kernel anymore. If the 
degree of x^i is odd, the computation is the same, but, instead of dividing by p 
in the dimension, we divide by 2. Thus we have shown that there is a short exact 
sequence of graded Hopf algebras 




k[C7*] - k[E] 


with k[A] elementary, which also shows inductively the description in (13.31) . thus 
completing the proof. □ 


We say that a graded group scheme as in (13.311 and (13.411 is of unitriangular type. 


Lemma 3.15. Let G he a finite gr-group variety. There exists a closed gr-subgroup 
embedding G ^ (UT/)(^) for some index I and some positive integer r. 


Proof. The proof is the same as [AR14al . Proposition 5.5]. 


□ 
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Proposition 3.16. Let G he a finite gr-group variety. Then G has a closed normal 
elementary graded subgroup scheme. 


Proof. Let G ^ (UT/)(^) and let (UT/)(^) = Us+i > Us > ... > Ui > Uq = {1} 
be a chain of subgroups as in Lemma 13.141 Let us consider the new chain 

(3.5) G = Gn Us+i ^ G nUs ^ ... ^ G r^Ui ^ G nUo = {1}. 


Notice that each GnUi is a, normal closed graded subgroup scheme of G. Moreover, 
there is a natural map G nUi ^ Ui ^ Ui/Ui-i. The kernel of this map is precisely 
G n, Ui-i, and we obtain an injective morphism of graded group schemes 

GnU, U, 

G n [/,_i "" C/,_i ■ 


Since i? = Ui/Ui-i is elementary, {GnUi)/{Gr^Ui-i) = or [GnUi)/{GnUi-i) = 
{1}. Since G n Ug+i = G and G nUo = {1}, these quotients cannot be all {1}. Let 
io be the smallest index such that (G n Ui)/{G n Ui-i) = E. Then, for each i < ig, 
G nUi = {1} and 


GnU,„ 
G n Uig-i 


GnU,,- 


therefore G n Uig is an elementary normal closed graded subgroup scheme of G. □ 


Remark 3.17. The above (13.511 is a version 
connected case. 


of HS98I . Lemma A. 15] 


in the non- 


4. Cohomology of finite graded group varieties 

We can now prove our main theorem. We will prove it by induction, using 
Proposition 13.161 

Lemma 4.1. Let G be a finite gr-group variety that acts on a gr-commutative ring 

N 

R. There exists N such that, for all x B R, the element is invariant under G. 

Proof. Having G acting on R corresponds to a coaction of A = k[G] on R. Since 
G is a gr-group variety, we write (Ao,m) for the local ring Ag. For simplicity let x 
be a homogeneous element in R, then the coaction is of the form 

Aii{x) = (1 + m) (g)a; -I- ® xi + ^ai ® 52, 

where mem, jxij = jxj and joi] -I- I 62 I with | 52 | < |a;|. Since A and Ag are finite 

N N 

dimensional and Ag is local, it follows that ) = l(x)a;P for N >> 0, namely, 

N 

as soon as mP = 0 . □ 

Theorem 4.2. Let A be the coordinate ring of a finite gr-group variety over a field 
k. We have the following: 

(H) the cohomology ring 77*’* (A, k) is a finitely generated h-algebra; 

(Q) if A ^ B is a quotient of graded commutative Hopf algebras, 77*’*(77,k) is 
a finite H*’*{A,k.)-module; 

(M) if R is a Noetherian ring on which A acts trivially and M is a finite R- 
module, H*'*(A,M) is a finite H*'*{A, R)-module. 
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Proof. The proof will proceed by induction on dinik A. For each of the above 
properties (P), we will denote by (P„) the correspond property for all A with 


dinik A = n. 

If A is elementary, then the results are known - see Liu62 1 or Wil8ll| . 

Let dimk A = A he non-elementary, and let if be a conormal elementary 
quotient of A which exists by Proposition 13.161 let be the kernel of A ^ if 
that we have the short exact sequence of graded Hopf algebras: 


so 


(4.6) 




where diiuk E = e, with e = 2 or e = p, and dimk Je = dimk Af dimk E = 
nje. The strategy of the proof will be the following: (ii„/e) + (M„/g) ^ (i?n); 
(-ffri/e) + => {Mn)\ and (ii„/e) + (M„/e) + {Qn/e) (Qn)- 


(iL„/g) + (M„/g) ^ (ii„) 

Let 

E*’* = H*'*{JE,H*'*{E,'k)) => H*’*{A,k) 

be the LHS spectral sequence induced by the short exact sequence in (14.61) . which 
exists because of Theorem 12.211 By Lemma [4.11 there is iV » 0 such that, for all 
X e iJ*’*(if,k), is Je invariant. Moreover, by [PalOll Proposition 1.4.11], a 
high enough power of the polynomial generator of H*’*{E, k) is a permanent cycle. 
Let 

(4.7) S = H*’*{E,'k)P^, 

for N » 0. Notice that S is Noetherian (since it is isomorphic to a polynomial 
ring in one variable), J^j-invariant by construction and of permanent cycles. Since 
i7*’*(if, k) is finite over S, by {Mn/e) we have that El*-*{J e, H*’*{E,'k)) is finite 
over 


(4.8) H*’*{JE,S)^H*’*{JE,k)®S. 

Since iL*’*(J_E,k) c if*’° in the LHS spectral sequence, each page is naturally a 
module over it. Thus, T = H*’*{JE,k) ® S' is made of permanent cycles, it is 
Noetherian by {H^/e) and the E 2 page of the LHS spectral sequence is a hnite 
module over T. By |Wil8lL Lemma 3.1], H*’*{A,k) = E^* is Noetherian. 


{Hn/e) + {Mn/e) ^ {^n/e) 

Let 

F*'* = H*'*{Je,H*'*{E,M)) => H*'*{A,AI) 

and let 

P'2’* = H**{Je,H*-*{E,R)) = H*'*{JE,H*'*{E,k))®R^ 
H*’*{A,R) ^ H*^*{A,k)®R. 

Let S and T be the rings constructed in (14.71) and (14.81) . and let S' = S ® R and 
T' = T(S)R', by what was proven in the previous implication, E 2 is a finite T'-module. 
On the other hand E[*'*{E,M) is finite over i7*’*(P, i?) = E[*'* {E,k) ® R. Since 
E[*'*{E,k) is finite over S, i7*’*(P, M) is finite over S'; since S is j£;-invariant, 
F 2 is finite over S', which is a subring of invariants of E '2 (like in the proof of the 
previous implication). Moveover, T' is made of permanent cycles, and thus each 
page Er is finite over P', which is finite over a Noetherian ring T' of permanent 
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cycles. Si nce T ' is Noetherian, so is T'™ (its even part), and E'^ is still finite over 
Bv |FS97l. Lemma 1.6]. = is finite over £1'^* =H*’*{A,R). 

{Hn/e) + {Mn/e) + (Qn/e) (Qn) 

We have the following diagram 

k-^ Je -^ A -^ E -^ k 

k -s- Je' -s- B -s- E' = B (S)j4 E -5^ k 


k k k. 

In term of graded group schemes, if Ga is the gr-group scheme represented by A 
(and so forth) it corresponds to 

{1}-- Ge - - Ga - - Ga/Ge -- {1} 


{1}-^ Ge n Gb -^ Gb -^ Gb/Ge n Gb -^ {!}. 

Since B ®a E \s a. quotient of E, that is elementary, there are only two possibili¬ 
ties. Either E' = k or E' ^ E (corresponding to the two possibilities Gb<^Ge = {1} 
or Gb i^Ge = E). If E' = k, then Je' = B, which means that £? is a quotient of 
a Hopf algebra of lower dimension. By {Qn/e)i the map E[*’*{Je^ k) ^ E[*’*{B^ k) 
is finite. Since this map factors as H*’*(JE,k) i£*’*(Al, k) —> i£*’*(B,k), the 
map i£*’*(A,k) ^ i£*’*(S,k) is finite. 

If E' ^ E, let 

E*'* = H*’*{JE,H*’*{E,k)) H*’*{A,k) 

and let 

F'*'* = H*’*{JE',H*’*{E',k)) ^ H*’*{B,k). 

Let S and T be the rings constructed in (14.71) and (14.81) . Using (i7„/e) and (M„/e), 
as in the proof of the previous implication, we have that T®" is a Noetherian ring of 
permanent cycles and that E^* is finite over it. Similarly, H*'*{Je',H*’*{E', k)) 
is finite over iJ*’*( J^/, S') = i£*’*(J_E', k) ® S. Notice that we are identifying 
i£*’*(U,k) and i£*’*(£", k), since E = E'. On the other hand, by {Qn/e)^ i£*’* ( Jt;/, k) 
is finite over H*’*{Je, k). Thus, E'l’* is finite over the subring of pe rmane nt cycles 
T®'“ of which means that E'*'* is always finite over E*’*. By |FS97I . Lemma 
1.6], = H*’*{B,k) is finite over E*’* = H*’*{A,k). □ 
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